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Abstract 

From Alon and Boppana, and Serre, we know that for any given integer k > 3 and 
real number A < 2\^k — 1, there are only finitely many /c-regular graphs whose second 
largest eigenvalue is at most A. In this paper, we investigate the largest number of 
vertices of such graphs. 


1 Introduction 

For a fc-regular graph G on n vertices, we denote by Ai(G) = k > A 2 (G) > ... > A„(G) = 
Amin(U) the eigenvalues of the adjacency matrix of G. For a general reference on the eigen- 
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values of graphs, see [91[I8]. 

The second eigenvalue of a regular graph is a parameter of interest in the study of graph 
connectivity and expanders (see [DEIEI] for example). In this paper, we investigate the 
maximum order v{k,X) of a connected /c-regular graph whose second largest eigenvalue is 
at most some given parameter A. As a consequence of work of Alon and Boppana, and of 
Serre [Il[l2l[l6lEilE5l|28l[3llE5lEnill2], we know that v{k, A) is hnite for A < 2\/F^^. 
The recent result of Marcus, Spielman and Srivastava [29] showing the existence of inhnite 
families of Ramanujan graphs of any degree at least 3 implies that v{k, A) is inhnite for 
A > 2y/k^. 

For any A < 0, the parameter v{k, A) can be determined using the fact that a graph with 
only one nonnegative eigenvalue is a complete graph. Indeed, if a graph has only one nonneg¬ 
ative eigenvalue, then it must be connected. If a connected graph G is not a complete graph, 
then G contains an induced subgraph isomorphic to so Cauchy eigenvalue interlacing 
(see [9l Proposition 3.2.1]) implies A 2 (G) > A 2 (A"i, 2 ) = 0, contradiction. Thus v{k, A) = k + l 
for any A < 0 and the unique graph meeting this bound is A"fc+i. The parameter v{k, 0) can 
be determined using the fact that a graph with exactly one positive eigenvalue must be a 
complete multipartite graph (see [H page 89]). The largest fc-regular complete multipartite 
graph is the complete bipartite graph since a fc-regular t-partite graph has tk/{t — 1) 
vertices. Thus v{k,0) = 2k, and is the unique graph meeting this bound. The values 
of v{k, —1) and v{k,0) also follow from Theorem 12.31 in Section |2] below. 

Results from Bussemaker, Cvetkovic and Seidel [10] and Cameron, Goethals, Seidel, and 
Shult [n] give a characterization of the regular graphs with smallest eigenvalue Amin ^ ~2. 
Since the second eigenvalue of the complement of a regular graph is A 2 = — 1 — Amin, the 
regular graphs with second eigenvalue A 2 < 1 are also characterized. This characterization 
can be used to hnd v{k, 1) (see Section [3]). 

The values remaining to be investigated are v{k, A) for 1 < A < 2\/k — 1. The parameter 
v{k,X) has been studied by Teranishi and Yasuno [H] and Hpholdt and Justesen [22] for 
the class of bipartite graphs in connection with problems in design theory, hnite geometry 
and coding theory. Some results involving v{k,X) were obtained by Koledin and Stanic 
[261 123 Il3] and Richey, Shutty and Stover m who implemented Serre’s quantitative version 
of the Alon-Boppana Theorem [12] to obtain upper bounds for v{k, A) for several values of k 
and A. For certain values of k and A, Richey, Shutty and Stover m made some conjectures 
about v{k,X). We will prove some of their conjectures and disprove others in this paper. 
Reingold, Vadhan and Wigderson [3H] used regular graphs with small second eigenvalue as 
the starting point of their iterative construction of inhnite families of expander using the 
zig-zag product. Guo, Mohar, and Tayfeh-Rezaie [H] |32l [33] studied a similar problem 
involving the median eigenvalue. Nozaki ETl investigated a related, but diherent problem 
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from the one studied in our paper, namely finding the regular graphs of given valency and 
order with smallest second eigenvalue. Amit, Hoory and Linial [2] studied a related problems 
of minimizing max(|A 2 |, |A„|) for regular graphs of given order n, valency k and girth g. 

In this paper, we determine v{k,X) explicitly for several values of {k,X), conhrming or 
disproving several conjectures in im, and we hnd the graphs (in many cases unique) which 
meet our bounds. In many cases these graphs are distance-regular. For dehnitions and 
notations related to distance-regular graphs, we refer the reader to [D] Chapter 12]. Table 
[U contains a summary of the values of v{k, A) that we found for k < 22. Table [2] contains 
six inhnite families of graphs and seven sporadic graphs meeting the bound v{k, A) for some 
values of fc,A due to Theorem 12.31 Table [3] illustrates that the graphs in Table [2] that meet 
the bound v{k, A) also meet the bound v{k, A') for certain A' > A due to Proposition 12.91 

2 Linear programming method 

In this section, we give a bound for v{k, A) using the linear programming method developed 
by Nozaki [37] . Let F) = be orthogonal polynomials dehned by the three-term recurrence 
relation: 

F^^\x) = 1, f[^\x) = X, =x^ -k, 

and 

Ff'(x) = xFlt\(x) -(k- l)Ftl(x) 

for i > 3. The following is called the linear programming bound for regular graphs. 

Theorem 2.1 (Nozaki [37]). Let G be a connected k-regular graph with v vertices. Let 
Ai = k, X 2 , ■ ■ ■, Xn be the distinct eigenvalues of G. Suppose there exists a polynomial f{x) = 
Y.i>o such that f{k) > 0, /(A*) < 0 for any i > 2, fo > 0, and /* > 0 for any 

i>l. Then we have 

.m 

"'-/o’ 

Using Theorem l2.ll Nozaki [37] proved Theorem [22] below. Note that the paper [37] deals 
only with the problem of minimizing the second eigenvalue of a regular graph of given order 
and valency. While related to the problem of estimating v{k, A), the problem considered by 
Nozaki in [37] is quite different from the one we study in this paper. 

Theorem 2.2 (Nozaki [37]). Let G be a connected k-regular graph of girth g, with v vertices. 
Assume the number of distinct eigenvalues of G is d + 1. If g > 2d holds, then G has the 
smallest second-largest eigenvalue in all k-regular graphs with v vertices. 
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Table 1: Summary of our Results for k <22 



















Note also that while Table [2] is similar to [33 Table 2], the problems and tools in onr 
paper are signihcantly different from the ones in [37] . 

Let T(fc, t, c) be the t x t tridiagonal matrix with lower diagonal (1,1, ■ ■ ■, 1, c), npper 
diagonal {k,k — l,...,k — l), and with constant row snm fc, where c is a positive real nnmber. 
Theorem 12.31 is the main theorem in this section and gives a new comprehension of the 
linear programming method and a general npper bonnd for v{k, A) withont any assnmption 
regarding the existence of some particnlar graphs. 

Theorem 2.3. If X 2 is the second largest eigenvalue of T{k,t,c), then 

k(k — 1 

v{k, A 2 ) < M{k, t,c) = l + yk{k- 1)* + ^(1) 

Let G he a k-regular connected graph with second largest eigenvalue at most A 2 , valency k, 
and A 2 ) vertices. Then A 2 ) = M{k,t,c) if and only if G is distance-regular with 
guotient matrix T{k,t,c) with respect to the distance-partition. 

Proof. We first show that the eigenvalnes of T that are not eqnal to fc, coincide with the 
zeros of Yyi Pi{x) + Ft-i{x)/c (see also [TJ Section 4.1 B]). Indeed, 

[Fo, Fi,..., Ft- 2 , Ft-i/c]T = [xFq, xFi,..., xFt- 2 , {k - l)Ft -2 + {k - c)Fi_i/c], 

and 

[Fq, Fi,..., Ft- 2 , Fi_i/c](T - xl) = [0, 0,..., 0, (fc - l)Ft -2 + {-x + k- c)Ft-i/c\ 

t-2 

= [0,0,... ,0, (A; - x)(yFi + Ft-i/c)] 

i=0 

= [0, 0,..., 0, (A; — x){{c — l)Gt -2 + Gt-i)/c] 

by the three-term recnrrence relation, where Gi{x) = Y^]=oFj{x). This eqnation implies 
that the zeros of {k — x){{c — l)Gt -2 + Gt-i) are eigenvalnes of T. The monic polyno¬ 
mials Gi form a seqnence of orthogonal polynomials with respect to some positive weight 
on the interval [—2\/k — 1, 2\/k — 1] [37] • Since the zeros of Gt -2 and Gt-i interlace on 
[—2y/k — 1, 2y/k — 1], the zeros of {k — x){{c — l)Gt -2 + Gt-i) are simple. Therefore all 
eigenvalnes of T coincide with the zeros of {k — a;)((c — l)Gt _2 -l- Gt-i), and are simple. 

Let Ai = A; > A 2 > ... > At be the eigenvalnes of T. We prove that the polynomial 

.. t 2t-3 

f{x) = - ■ (x - A 2 ) - XiY = y fiFi{x) (2) 

i=3 i=0 
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satisfies /* > 0 for i = 0,1,..., 2t — 3. Note that it trivially holds that f{k) > 0, and /(A) < 0 
for any A < A 2 . The polynomial f{x) can be expressed as 


fix) 


{c-l)Gt-2 + Gt., 

X - Xo 


't-2 


+ Ft-i/c 


j=o 


(3) 


By [ISl Proposition 3.2], g(x) = ((c — l)Gt -2 + Gt-i)/ix — A 2 ) has positive coefficients 
in terms of Gq,Gi, ... ,Gt- 2 - This implies that g{x) has positive coefficients in terms of 
Fq, Fi, ..., Ft- 2 - Therefore /j > 0 for i = 0,1,..., 2f — 3 by [371 Theorem 3]. 

The polynomial g{x) can be expressed as g{x) = YfiZo g^Fiix). By [371 Theorem 3], we 
get that /o = = g{k). Using Theorem 12. II for f{x), we obtain that 


n(/c, A 2 ) < 


m 

fo 


t-2 


+Ft-i{k)/c 


i=0 


t-3 


i + j2Hk-iy + 


k{k - i)*-2 


i=0 


By m Remark 2], the graph attaining the bound has girth at least 2t — 2, and at most t 
distinct eigenvalues. Therefore the graph is a distance-regular graph with quotient matrix 
T{k,t,c) by [371 Theorem 6] and [ll]. Conversely the distance-regular graph with quotient 
matrix T{k, t, c) clearly attains the bound M(k, t,c). □ 


Remark 2.4. The distance-regular graphs which have T{k,t,c) as a guotient matrix of the 
distance partition are precisely the distance-regular graphs with intersection array {k, k — 
1; 1,..., l,c}. 

Corollary 2.5. Let H be a connected k-regular graph with at least M{k,t,c) vertices. Let 
X 2 be the second largest eigenvalue ofT{k,t,c). Then X 2 < A 2 (F) holds with eguality only if 
H meets the bound M{k,t,c). 

Proof. By Theorem l2.31 if A 2 > A 2 (F), then the order of H is at most M(/c, f, c). If the order 
of H is equal to M(A;, t, c), then H has at most t — 1 distinct eigenvalues by [371 Remark 2]. 
However then the order of H is less than M{k, t — 1,1) by the Moore bound, a contradiction. 
Therefore if A 2 > X 2 {H), then the order of H is less than M{k,t,c). Namely if the order 
of H is at least M{k,t,c), then A 2 < A 2 (F). If A 2 = A 2 (F) holds, then the order of H is 
bounded above by M{k,t,c) in Theorem 12.31 and attains the bound. □ 

We will discuss a possible second eigenvalue A 2 of T{k,t,c). Indeed for any — 1 < A < 
2\/k — 1 there exist t, c such that A is the second eigenvalue of T{k, t, c). Let A^*^, be the 
largest zero of Gt, Ft, respectively. The zero X^^ can be expressed by X^k = 2\/k — 1 cos 6, 
where n/{t-\-1) < 9 < n/t [SI Section III.3]. 
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Proposition 2.6. The following hold: 

(1) for any k, t. 

(2) for k > 5 and any t, k = A and t < 5, or k = 3 and t <3. 

(3) > A*^*) for k = 4 and t > 6, or k = 3 and t > 4. 

Proof. Since — G't_i(A^*^) = —G't_i(A^*^) < 0, we have A*^*) < for 

any k, t. Note that Ft has a unique zero greater than A^*\ By the equality {k — l)Ft-i = 

{k — 1 — x)Gt-i + Gt, we obtain that 

{k - l)Fi_i(AW) = {k-l- AW)Gt_i(AW) + G't(AW) 

= (fc-l-A«)Gi_i(A«) 

= {k-l- 2\/fc^cos0)Gt_i(A(')) 

j > {k — 1 — 2y/k — 1 cos ^)Gi_i(A^*^) > 0 for (k, t) in (2), 

I < {k — 1 — 2\/k — 1 cos f-)Gt-i{X^^^) < 0 for (fc, t) in (3). 

This hnishes the proof of the proposition. □ 

Remark 2.7. The second largest eigenvalue A 2 (c) of T{k,t,c) is the largest zero of (c— 
l)Gt- 2 +Gt-i. Since the zeros ofGt -2 and Gt-i interlace, A 2 (c) is a monotonically decreasing 
function in c. In particular, hmc^.oo A 2 (c) = A^* -^ 2 ( 1 ) = A^* anc? hnic^.0 A2 (c) = 

Note that both Ft and Gi form a sequence of orthogonal polynomials with respect to some 
positive weight on the interval [—2\/fc — 1, 2\/k — 1]. By Remark (2.71 the second eigenvalue 
X 2 {t, c) of T(fc, t, c) may equal all possible values between A2(2,1) = —1 and limi^oo X 2 (t, c) = 
2\/k — 1. The following proposition shows that we may assume c > 1 in Theorem 12.31 to 
obtain better bounds. 

Proposition 2.8. For any X such that < X < there exist 0 < Ci < 1, C 2 > 0 

such that both the second-largest eigenvalues of T{k,t,ci) and T{k,t + 1 , 02 ) are X. Then we 
have M{k, t, ci) > M{k, t + 1, C 2 ). 

Proof Because (ci-l)Gt_ 2 (A)+G't_i(A) = 0, we get Ci = ^ -Ft-i{X)/Gt- 2 {X). 

Similarly C 2 = —Ft{X)/Gt-i{X). Note that Ft-i{X) = —CiGt- 2 {X) < 0 and Ft{X) = 
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C 2 Gt-i{X) < 0. Therefore 


M{k^ t, Cl) — M{k, f + 1, C 2 ) = k{k — 1)* -1- {k — 1)) 


Ft-iiX) 

k{k-lY-^Gt-i{X) 


Ft_i(A)Fi(A) 

k{k - ly-^k - X)Gt-i{Xf 

Fi_i(A)Fi(A) 


m) 

(-Fi(A) + (fc-l)Fi_i(A)) 


> 0 . 


□ 


Table |2] shows the known examples attaining the bonnd M{k,t,c). The incidence graphs 
of PG{2,q), GQ{q,q), and GH{q,q) are known to be uniqne for q < 8, q < 4, and q < 2, 
respectively (see, for example, [7[ Table 6.5 and the following comments]). The incidence 
graphs of PG{2, 2), GQ{2, 2), and GH{2, 2) are the Heawood graph, the Tntte-Coxeter graph 
(or Tntte 8 -cage), and the Tntte 12-cage, respectively. 


Table 2: Known graphs meeting the bonnd M{k,t,c) 


{k,X) 

v{k, A) 

Graph meeting bonnd 

Uniqne? 

Ref. 

(2, 2 cos(27r/n)) 

n 

n-cycle Gn 

yes 


(fc,-l) 

k+1 

Complete graph 77^+1 

yes 


(fc,0) 

2k 

Complete bipartite graph Kk,k 

yes 


{q + 1 , Vq) 

2{q^ -h g -h 1) 

incidence graph of PG{2, q) 

? 

mm 

(g + l,^/2l) 

2 (g + l)(g2 + l) 

incidence graph of GQ{q, q) 

? 

m 

(g+ l,\/3g) 

2 (g -h l)(g'^ + q^ + 1) 

incidence graph of GH{q, q) 

? 

m 

(3,1) 

10 

Petersen graph 

yes 

m 

(4.2) 

35 

Odd graph O 4 

yes 


(7,2) 

50 

Hoffman-Singleton graph 

yes 

Ell 

(5.1) 

16 

Clebsch graph 

yes 

naiio] 

(10,2) 

56 

Gewirtz graph 

yes 

mm 

(16,2) 

77 

M 22 graph 

yes 

[EIEO] 

(22,2) 

100 

Higman-Sims graph 

yes 

miEo] 


PG{2,q): projective plane, GQ{q,q): generalized qnadrangle, 
GH{q,q): generalized hexagon, g: prime power 


The bonnds in Table [2]solve several conjectnres of Richey, Shntty, and Stover [17]. Richey, 
Shntty, and Stover prove that n(3,2) < 105, bnt they note that the largest 3-regnlar graph 
with A 2 < 2 they are aware of is the Tntte-Coxeter graph on 30 vertices. They conjectnred 














that v{3, 2) = 30. They show that i;(4, 2) < 77 and conjecture that the largest 4-regular graph 
with A 2 < 2 is the so-called rolling cube graph on 24 vertices (that is, the bipartite double of 
the cuboctahedral graph which is the line graph of the 3-cube). They also conjectured that 
n(4, 3) = 27 and the largest 4-regular graph with A 2 < 3 is the Doyle graph on 27 vertices 
(see [151 [23] for a description of this graph). In Table [2] we conhrm that n(3, 2) = 30 and the 
Tutte-Coxeter graph (the incidence graph of GQ{2,2)) is, in fact, the unique graph which 
meets this bound (see [H Theorem 7.5.1] for uniqueness). However, Table [5] shows that 
n(4, 2 ) = 35 (the Odd graph O 4 ) and that n(4, 3) = 728 (the incidence graph of GH{3,3)), 
disproving the latter two conjectures. 

Since the order of a graph is an integer, v{k,X) can be bounded above by \_M{k,t,c)\. 
The graphs meeting the bound M{k, t, c) can be maximal under the assumption of a larger 
second eigenvalue. 

Proposition 2.9. Let Ai, A 2 be the second largest eigenvalues ofT{k, t+l, ci) andT{k, t, C 2 ), 
respectively. Suppose there exists a graph which attains the bound M{k,t,c) of Theorem \2.tA 
Then 

(1) If c = 1, then v{k,\i) = v{k,\) for ci > k{k — 1)*“^. Moreover if M{k,t,c) is even, 
and k is odd, then v{k, Ai) = v{k, A) for ci > k{k — l)*“^/ 2 . 

(2) If c> 1, v{k, A 2 ) = v{k, A) for C 2 > c — (? f {k{k — 1)*“^ -|- c). Moreover if M{k, t, c) is 
even, and k is odd, then v{k, A 2 ) = v{k, A) for C 2 > c — 2(?/{k{k — 1)*“^ -|- 2c). 

Proof. We show only (1) because (2) can be proved similarly. For ci > k{k — 1)*“^, we have 

M{k, t, c) = v{k, A) < v{k, Ai) < \_M{k, t, ci)J = M{k, t, c). 

Therefore v{k, A) = v{k, Ai). If k is odd, v{k, Ai) must be even. For ci > k{k — l)*“^/2, we 
have 

M{k, t, c) = v{k, A) < v{k, Ai) < [M(/c, t, ci)J = M{k, t, c) + 1. 

Thus if M{k, t, c) is even, then v(k, A) = v(k, Ai). □ 

The larger second eigenvalues in Proposition 12.91 are calculated in Table [3l The graphs 
in Table [3] meet v(k, A) for any A 2 < A < A', where A' is the largest zero of f(x) in the table. 

By Theorem 12.31 we can obtain an alternative proof of the theorem due to Alon and 
Boppana, and Serre (see [U [121 (ISl IMl [SSI [28l [311 [35l [36l [42] for more details). 

Corollary 2.10 (Alon-Boppana, Serre). For given k, X < 2\/k — 1, there exist finitely many 
k-regular graphs whose second largest eigenvalue is at most X. 
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Proof. The second largest eigenvalue X 2 (t) of T{k,t, 1) is equal to the largest zero of Gt-i. 
The zero is expressed by X 2 (t) = 2\/k — 1 cos6*, where 9 is less than Ti/{t — 1) [31 Section 
III.3]. This implies that there exists a sufficiently large t' such that X 2 {t') > X. Therefore we 


Table 3: Graphs meeting v{k, X) for X 2 < X < X' 


Graph 

t 

c 

fix) 

A' 

Kk+i {k: even) 

2 

1 

— {k — k'^) X + k‘^ — 2k 


Kk+i {k: odd) 

2 

1 

2x‘^ — {k — k"^) X + k"^ — 3k 


Kk,k {k-. even) 

3 

k 

x‘^ — {1 — k)x — 1 


Kk,k {k\ odd) 

3 

k 

{k + l)x‘^ + {k'^ — k) X — 2k 


PG(2, q) {q + 1: even) 

4 

q + l 

+ 1 ) + {q^ + q^) x"^ 

+ i~(l^ — 2q — 1) X — q"^ — q^ 


PG{2,q) (g + 1: odd) 

4 

q + l 

+ (g^ + 2 ) + (g^ + g^) x^ 

+ i~(l^ — 4g — 2) X — g"^ — g^ 


GQiQ, q) (<? + 1 : even) 

5 

q + l 

(—g^ + g — 1 ) x"^ — g^x^ 

+ (2g3 - 2 g 2 + 2 g + 1 ) x^ 

+ 2 g"^x — g 


GQ{q, q) {q + 1 : odd) 

5 

q + l 

(—g^ — 2 ) x"^ + {—q‘^ — g^) x^ 

+ ( 2 g'^ + 6 g + 2 ) x^ + ( 2 g^ + 2 g^) x 
- 2 g 2 - 2 g 


GH{q, q) {q + 1: even) 

7 

q + l 

(—g^ + g^ — g^ + g — 1 ) X® 

+ (4g^ — 4g^ + 4g^ — 4g^ + 4g + 1) x"^ 

+ (-3g® + 3g5 - 3g^ + 3q^ - 3q^ - 3g) x^ 
—g^x^ + 4g®x^ — Sq'^x + q^ 


GH{q, q) {q + 1: odd) 

7 

q + l 

(—g® — 2 ) X® + (—g® — g®) x® 

+ (4g® + lOg + 2) x'^ + (4g'^ + 4g®) x® 

+ (~3g^ — 12 g^ — 6 g) x^ 

+ (~3g® — 3g'^) x + 2 g^ + 2 g^ 


Petersen 

3 

1 

x^ + 12x^ + 7x — 24 

1.11207 

Odd graph O 4 

4 

2 

19x® + 36x^ — 97x — 108 

2.02156 

Hoffman-Singleton 

3 

1 

x^ + 126x2 + 113x - 756 

2.02845 

Glebsch 

3 

2 

3x2 ^ 5 ^ _ IQ 

1.1736 

Gewirtz 

3 

2 

23x2 + 45x - 185 

2.02182 

M 22 

3 

4 

61x2 + 240x - 736 

2.02472 

Higman-Sims 

3 

6 

13x2 + 77x - 209 

2.0232 


X' is the largest zero of f{x) 
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have 


t'-2 

v{k, A) < v{k, X 2 {t')) < 1 + k{k — 1)*. 

i=0 


□ 


3 Second largest eigenvalue 1 

In this section, we classify the graphs meeting v{k, 1). The complement of a regular graph 
with second eigenvalue at most 1 has smallest eigenvalue at least —2. The structure of such 
graph is obtained from a subset of a root system, and it is characterized as a line graph 
except for sporadic examples [3 Theorem 3.12.2]. The following theorem is immediate by 
[3 Theorem 3.12.2]. 

Theorem 3.1. Let G be a connected regular graph with v vertices, valency k, and second 
largest eigenvalue at most 1. Then one of the following holds: 

(1) G is the complement of the line graph of a regular or a bipartite semiregular connected 
graph. 

( 2 ) V = 2{k—l) < 28, and G is a subgraph of the complement of switching-eguivalent 

to the line graph of a graph A on eight vertices, where all valencies of A have the same 
parity {graphs nos. 1-163 in Table 9.1 in [TO]). 

(3) V = 3{k — 1) < 27, and G is a subgraph of the complement of the SchBfli graph {graphs 
nos. 164-184 in Table 9.1 in [Tn]). 

(4) V = 4(/c — 1 ) < 16, and G is a subgraph of the complement of the Clebsch graph {graphs 
nos. 185-187 in Table 9.1 in [Tn]). 

The following theorem shows the classihcation of graphs meeting v{k, 1). Note that this 
result will show that v{k, 1) = 2/c + 2 for k large whereas Theorem 12.31 would give a larger 
upper bound for v{k, 1 ). 

Theorem 3.2. Let G be a connected k-regular graph with second largest eigenvalue at most 
1, with v{k, 1) vertices. Then the following hold: 

(1) n(2, 1 ) = 6 , and G is the hexagon. 

(2) n(3,1) = 10, and G is the Petersen graph. 

(3) n(4, 1 ) = 12 , and G is the complement of the graph no. 186 in Table 9.1 in [TO] . 

(4) n(5,1) = 16, and G is the Clebsch graph. 
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(5) i;( 6 ,1) = 15, and G is the complement of the line graph of the complete graph with 6 
vertices, or the complement of one of the graphs nos. 171-176 in Table 9.1 in HD]. 

( 6 ) v{7, 1) = 18, and G is the complement of one of the graphs nos. 177-180 in Table 9.1 

in |TU] . 

(7) v{8, 1) = 21 , and G is the complement of one of the graphs nos. 181, 182 in Table 9.1 
in [Tn] . 

( 8 ) v{9, 1) = 24, and G is the complement of the graph no. 183 in Table 9.1 in [TO] . 

(9) v(10,1) = 27, and G is the complement of the SchBfii graph. 

(10) v{k, 1 ) = 2 /c + 2 for k > 11 , and G is the complement of the line graph of K 2 ,k+i- 

Proof. ([I]): A connected 2-regular graph is an n-cycle, whose eigenvalues are 2cos(27rj/?7,) 
(j = 0 , 1 ,..., n — 1 ). This implies ([T]). 

(j2]), (jl]): By Theorem 12.31 for T{k,3, {k — l)/2), we have v{k, 1) < 3A: + 1. The two graphs 
are unique graphs attaining this bound (see [ISl Theorem 10.6.4] and pTl 157] !. 

fllOl) : The complement of the line graph of A' 2 ,fc+i is of degree k and has 2k + 2 vertices 
for any k. We will prove that there exists no graph with at least 2k + 2 vertices except for 
these graphs for k > 11. In the case of Theorem 13.11 (j3|l l|T|). we have no graph for k > 11. 
In the case of Theorem 13.11 (!2|) , trivially v = 2{k — 1) < 2k + 2. We consider the case of 
Theorem 13.11 ([T]) . Let G be the complement of the line graph of a f-regular graph with u 
vertices. Then G is of degree k = (m/2 — 2)t + 1, and has v = ut/2 vertices. Therefore 
V = ut/2 = u{k — 1)/(m — 4) < 2{k — 1) < 2k + 2 because w > 8 for fc > 11. Let G be 
the complement of the line graph of a bipartite semiregular connected graph (Vi, V 2 , E). Let 
\Vi\ = Ui and the degree of x G V) be fj, where we suppose G > ^ 2 - Then G is of degree 
k = {ui — l)fi — t 2 + 1> (mi — 2)ti + 1 , and has v = uiG vertices. If wi = 1 holds, then G 
has no edge. For ui > 3, it is satished that 

M<(l+ ^ ) (fc-1) < 2(fc-1) < 2fc + 2 (4) 

V U1-2J 

for any k. For Ui = 3, we have t 2 < Ui = 3 and 

V = 3ti = ^{k + t2 — 1) < ^{k + 2) < 2k + 2 (5) 

for k > 2. For Ui = 2, similarly ^2 ^ Mi = 2 and 

V = 2ti = 2{k + ^2 — 1) <2k + 2 ( 6 ) 

for any k, with equality only if = A; + 1 , ^2 = 2 , Mi = 2 and M 2 = A; + 1 . Thus flTOl) holds. 
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(3), ([S])-®: Every candidate of maximal graphs comes from Theorem 13.11 ([3]) or (jl]) 
except for the case of the complete graph in (jS]) . We prove that there does not exist a larger 
graph which comes from Theorem 13. Ih lTll. By ineqnalities (Ilj)-(l6]), the complement of the line 
graph of a bipartite semiregnlar graph is not maximal for k > 2. We consider the case of the 
complements of the line graphs of f-regnlar graphs with u vertices. Since n = fc — 1 + 2f is at 
least 12,15,18, 21, 24, 27, we have u—1 > t > 5, 5, 6, 7, 8, 9 for /c = 4, 6, 7, 8, 9,10, respectively. 
Therefore k = (m/2 - 2)t + I > {t - 2){t - l)/2 > 6, 6,10,15, 21, 28 for fc = 4, 6, 7, 8, 9,10, 
respectively. The only parameter {v,k,u,t) = (15,6,6,5) satishes the conditions and it 
corresponds to the case of the complete graph in ([5]). □ 


4 Other Values of v{k, A) 


When no graph meets the bonnd given by Theorem 12.31 other techniqnes may be necessary 
to hnd v{k, A). However, the bonnd is still nsefnl in redncing the size of graphs which mnst 
be checked. In this section we describe several tools which we will nse (Lemma 14.31 and 
Lemma l4.4p . and then hnd v{k,X) in a few more cases (Proposition |T5l Proposition 14.61 
Proposition 14.7p . 

Let n{k,g) denote the minimnm possible nnmber of vertices of a fc-regnlar graph with 
girth g. A {k, g)-ca.ge is a graph which attains this minimnm. The following lower bonnd on 
n{k, g) dne to Tntte [16] will be nsefnl. 


Lemma 4.1. Define ni{k, g) by 

ni{k,g) 

Then n{k,g) > ni{k,g). 

The following lemma is easily verihed. 

Lemma 4.2. ’ Each of the graphs in Figure{J\ has spectral radius greater than 2. 


k{k-l)(3-n/2_2 

k-2 

2{k-l)3/^-2 

k-2 


if g is odd, 
if g is even. 



Fignre 1: Graphs with spectral radins greater than 2 . 


For a graph G, a vertex v G V{G), and a snbset U C V{G), dehne the distance 
dist{v,U) = min„g[/dist(M, m). For an indnced snbgraph H of G, let TfiH) and TyfiH) 
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be the sets of vertices in G at distance exactly i and at least i from V{H) in G, respectively. 
Let p{G) and d{G) denote the spectral radius and average degree of G, respectively. Note 
that d{G) < p{G). 


Lemma 4.3. Suppose G is a connected, k-regular graph with second largest eigenvalue 
^ 2 {G) < X < k, and H is an induced subgraph of G with d{H) > X. Then for the sub¬ 
graph K induced by T> 2 {H) we have d{K) < X, with eguality only if d{H) = X 2 {G) = X. 


Proof. Consider the quotient matrix Q of the partition {V{H), T> 2 {H)} of V (G). We 

have 


/a k — a 0\ 


Q 


7 /c - (7 + e) e 
^^0 k — (3 ft j 


where a = d{H), (3 = d{K), and 7 and e are the average numbers of neighbors in H and 
K, respectively, of the vertices in ri(iL). The eigenvalues of Q interlace those of G (see [9l 
Corollary 2.5.4]), so we must have X 2 {Q) < X 2 {G) < X. It is straightforward to verify that 
Ai(Q) = k and 

X 2 {Q) = - (o' -\- [3 — {'y + e) 3- , (7) 


where A = (a + /3 — (7 + e))^ — A{af3 — f3'y — ae). By hypothesis we have a > A. If also 
(3 > X, then we hnd that a = [3 = X 2 (Q) = A, as we will prove below. 

Indeed, if both a > A and (3 > X, then by Cauchy interlacing [HI Proposition 3.2.1] 
A 2 (G) > X 2 {H + K) > A, where H + K is the disjoint union of H and K, a contradiction. 
Suppose a > A and (3 > X. \i a = (3 = X, then ([7]) becomes X 2 {Q) = A. Otherwise we must 
have a>j3 = Xoij3>a = X. If \/A > 7 + e, then clearly X 2 {Q) > A, a contradiction. If 
\/A < 7 + e, then A < (7 + e)^, which implies (a — /9)(a — + 2(e — 7 )) < 0. Thus we have 

either a > (3 and e < j — (3), or (3 > a and 7 < e — |(/5 — a). Suppose the former is 

true. Then (3 = X and we can write a = /3 + s = A + s and e = 7 — | f for some s,t > 0. 
Then ([7]) becomes 

X 2 {Q) — ^ ^4A — 47 + 3s + 2f + y/ A^^ , 


where A' = 167^ + (s — 2f)^ — 87(5 + 2t). If \/W > 47 — 3s — 2t, then clearly X2{Q) > A, a 
contradiction. If \/W < 47 — 3s — 2t, then A' < (47 — 3s — 2t)^, which implies 7 < | + t. 
However, this implies 6 = 7 — | — t<0, a contradiction. \f (3 > a and 7 < e — |(/9 — a), 
the same argument holds (simply swap the roles of a and [3 and of 7 and e in the above 
argument). Thus we cannot have a > A and (3 > X unless a = /3 = A, so we must have 
{3<X or a = {3 = X 2 {Q) = A. □ 
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Lemma 4.4. Suppose G is a connected, k-regular graph with second largest eigenvalue 
^ 2 {G) < X < k. If G contains an induced subgraph H on s vertices with t edges and 
either d{H) > X or p{H) > X, then 

\V(G)\<s + ?SzI^(ks-2t). ( 8 ) 

Proof. Since G is A;-regular, there are ks—2t edges from H to Ti{H), which implies |ri(if)| < 
ks — 2t. We will show that |r >2 (-ff)l < |ri(-ff)|, which completes the proof that ([8]) holds. 

First, note that each vertex in ri(if) has a neighbor in H, so each such vertex has at 
most k — 1 neighbors in r> 2 {H)- Then there are at most {k — 1) |ri(if)| edges from Ti{H) 
to r> 2 (i^). If d{H) > X then by Lemma [4.31 we have d{K) < A, where K is the subgraph 
induced by r>2(Ff). If not, then p{H) > A, so p{K) < X (and so also d{K) < A) by eigenvalue 
interlacing. Since G is /c-regular, this implies that the average number of neighbors in Fi [H) 
of the vertices in F> 2 (Ff) is at least k — X, so there are at least {k — A) |F> 2 (if)| edges from 
T> 2 {H) to Fi(iL). This completes the proof. □ 

Proposition 4.5. If G is a connected, 3-regular graph with X 2 {G) > 1, then X 2 {G) > \f2, 
with eguality if and only if G is the Heawood graph. 


Proof. We have already seen in Table |2] that n(3, \/2) = 14 and the Heawood graph (the 
incidence graph of PG{2,2)) is the unique graph meeting this bound. Thus we only need 
to show that no 3-regular graph has second eigenvalue between 1 and \/2. Suppose G is a 
3-regular graph with 1 < A 2 (G) < y/2. We will show that this yields a contradiction. We 
have immediately that |H(G)| < 14. Since G is 3-regular, this implies |H(G)| < 12. 

We note that the average degree of any cycle is 2 > y/2 > X 2 {G). If G has girth 3, 
then Lemma 14.41 implies |1A(G)| < |(\/2-|- 10) ~ 9.78. Since G is 3-regular, this implies 
|1^(G)| < 8. Lemma ITTl implies that a graph with girth more than 5 has at least 14 vertices, 
so G has girth at most 5. 

We partition the vertices of G by Pi = {1A(P), Fi(i7), F> 2 (P)}, where P is a subgraph 
of G isomorphic to Gm, where m G {3,4,5} is the girth of G. This partition has quotient 
matrix Q given by 


/2 1 0 \ 

Q = 73 -(a+ 7) a , 

VO 3-/3/ 

where 7 |Fi(P)| = m (by counting edges from H to Fi(P)) and a |Fi(P)| = (3 |F>2(P)| (by 
counting edges from Fi(P) to F> 2 (P)). 

We hrst suppose G has girth 3. Then 4 < |H(G)| < 8. If |H(G)| = 4, then G = K/^, and 
we have A2(G) = —1. If |H(G)| = 6, it is straightforward to show that G = G3niF2; where □ 
denotes the graph Cartesian product, and we have A 2 (G) = 1. Either case is a contradiction. 
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If |V^(G')| = 8 then ri(hr) has 2 or 3 vertices. If |ri(if)| = 2, then we have |r>2(i^)| = 3, 
7 = 3/2, and depending on whether there is an edge in Ti{H) or not we have a = 1/2 
or 3/2, I3 = 1/3 or 1, and X 2 {Q) = ■|(\/l3 + 4) 2.54 or 2, respectively. Either case is 
a contradiction. If |ri(i7)| = 3, then |r> 2 (hf)| = 2, 7 = 1, and depending on whether 
there is an edge in T> 2 {H) or not we have /5 = 2 or 3, a = 4/3 or 2, and A 2 (Q) = 5/3 or 
A(\/T7 — 1) 1.56, respectively. Either case is a contradiction. Thus G cannot have girth 3. 

Suppose G has girth 4. Then we have 6 < |E(G)| < 12. If |E(G)| = 6, then G = 
and we have A 2 (G') = 0. If |IA(G)| = 8, then it is straightforward to verify that G must either 
be the 3-cube Qs or the graph in Figure [2l In either case we have A 2 (G) = 1, a contradiction. 



Figure 2: A 3-regular graph on 8 vertices with girth 4. 

If |E(G)| = 10, then Ti{H) has 2, 3, or 4 vertices. If |ri(i^)| = 2, then |r> 2 (i^)| = 4, 7 = 2, 
a = 1, P = 1/2, and X 2 {Q) = |(\/4l -|- 3) ~ 2.35, a contradiction. If |ri(i7)| = 3, then 
|r> 2 (i^)| = 3, 7 = 4/3, and a = (3. Then a < 5/3 (since 3 — (a - 1 - 7) > 0) implies (3 < 5/3, 
which implies r> 2 (iif) has at least 2 edges. Since G has girth 4, r> 2 (iif) cannot have 3 

edges, so r> 2 {H) has exactly 2 edges, a = (3 = 5/3, and \ 2 {Q) = |(\/241 -|- 7) ~ 1.88, a 

contradiction. If |ri(i7)| = 4, then |r>2(i7)| = 2, 7 = 2, and depending on whether there is 
an edge in r>2(i7) or not we have /? = 2 or 3, a = 1 or 3/2, and \ 2 {Q) = |(\/5 -|- 1) 1.62 

or 3/2, respectively. Either case is a contradiction. If |I/(G)| = 12, then Ti{H) must be a 
coclique on 4 vertices (otherwise there are at most 6 edges from Ti{H) to r>2(i7), so Lemma 
14.31 implies |r>2(i7)| < 6/(3 — \/2) 3.78, which implies |E(G)| < 11.78, a contradiction). 

Then we have |ri(i7)| = |r>2(i7)| = 4, 7 = 1, a = /3 = 2, and X 2 {Q) = \/3- This is a 

contradiction, so G cannot have girth 4. 

Suppose G has girth 5. Then 10 < |IA(G)| < 12. The Petersen graph with 10 vertices 
and A 2 = 1 is the unique (3, 5)-cage (see [21]), so G must have 12 vertices. Note we must 
have |ri(i7)| = 5 and 7 = 1, since vertices in H cannot have common neighbors outside of 
H. Since |IA(G)| = 12, we have |r>2(i7)| = 2, and depending on whether there is an edge 
in r>2(i7) or not we have (3 = 2 or 3, a = 4/5 or 6/5, and X 2 {Q) = |(2\/6 -|- 3) 1.58 or 

jb(i/241 — 1) 1.45, respectively. Either case is a contradiction. 

Thus G cannot exist as described, which completes the proof. □ 

Proposition 4.6. IfG is a connected, 4-regular graph with X 2 {G) > 1, then X 2 {G) > y/E—l, 
with eguality if and only if G is either the graph in Figure\^ or the circulant graph Gho(l, 4) 
(the Cayley graph 0 /(Zio,-I-) with generating set {±1,±4}/. 
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Figure 3: The 4-regular graph G on 8 vertices with A 2 (G) = \/5 — 1. 


Proof. It is straightforward to verify that the second eigenvalue of T(4, 3, (4—(\/5—1)^)/\/5) = 
\/5 — 1 and M(4, 3, (4 — (\/5 — l)^)/\/5) = 5-|- 12\/5/(4 — (\/5 — 1)^) 15.85, so by Theorem 

12.31 we have n(4, \/5 — 1) < 15. We checked by computer all 4-regular graphs on at most 
15 vertices and found that, in each case where A 2 (G) > 1, we have A 2 (G) > \/5 — 1, with 
equality if and only if G is either the graph in Figure [3]or the circulant graph Ciio(l, 4). □ 

The previous result and Theorem 13.21 part (hi) imply that n(4, ^/E — 1) = 12. It would 
be interesting to find a proof of Proposition 14.61 which does not require a computer search. 
For the proof above the computer must check 906,331 graphs. 

Richey, Shutty, and Stover 03 conjectured that n(3,1.9) = 18. We confirm this conjec¬ 
ture, and show that there are exactly two graphs meeting this bound. 


Proposition 4.7. IfG is a connected, 3-regular graph with second largest eigenvalue A 2 (G) < 
1.9, then |R(G)| < 18, with eguality if and only if G is the Pappus graph (see Figure 4(a)) 


or the graph in Figure 4(b) 




(a) The Pappus graph with ^ Aj = 7 se 1 . 8662 , the largest 

second eigeiivahie V 3 . ^ ^3 + - 6 . 

Figure 4: The 3-regular graphs on 18 vertices with A 2 < 1.9. 


Proof. It is straightforward to verify that the second eigenvalue of T(3,4, 2641/3510) = 
19/10 = 1.9 and M(3,4, 2641/3510) = 68530/2641 ^ 25.95, so by Theorem O we have 
n(3,1.9) < 25. Since G is 3-regular, this implies n(3,1.9) < 24. We note again that any cycle 
has spectral radius 2. Then, by Lemma [4.41 if G has girth 3, 4, 5, or 6, then G has at most 
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11.45, 15.27, 19.09, or 22.91 vertices, respectively. Since G is 3-regular, this implies G has 
at most 10, 14, 18, or 22 vertices, respectively. A 3-regular graph of girth 8 has at least 30 
vertices by Lemma 14.11 (or note that the Tutte-Coxeter graph is the unique (3,8)-cage, see 
[45l 146]). Thus, we have shown that a 3-regular graph G with A 2 (G) <1.9 and more than 
18 vertices must have girth 6 or 7. 

If G has girth 7, we note that the McGee graph on 24 vertices is the unique (3,7)-cage 
(see O p.209] or [301 SS]), so G must be the McGee graph. Since the McGee graph has 
second eigenvalue 2 , we have proved that G does not have girth 7. 

Now, if G has more than 18 vertices then G must have girth 6 and at most 22 vertices. 
Among 3-regular graphs, we checked by computer the 32 graphs with girth 6 on 20 vertices 
and the 385 graphs with girth 6 on 22 vertices and found that each has second eigenvalue 
more than 1.9. Thus G has at most 18 vertices. If G has 18 vertices, then G must have 
girth 5 or 6 . Among 3-reguIar graphs, we checked by computer the 450 graphs with girth 
5 on 18 vertices and found that each has second eigenvalue more than 1.9. We checked 
the 5 graphs with girth 6 on 18 vertices and found that all but two of them have second 
eigenvalue more than 1.9. The exceptions were the Pappus graph with second eigenvalue \/3 
and the graph in Figure 4(b) with second eigenvalue 7 , where 7 ~ 1.8662 is the largest root 
of /(x) = -I- 2x^ — 4x — 6 . □ 


Note that this implies u(3, \/3) = 18 and u(3 ,7 ~ 1.8662) = 18 (and, of course, u(3,1.9) = 
18). It would be nice to hnd a proof of Proposition 14.71 that does not require a computer 
search. 


5 Final Remarks 

We conclude the paper with some questions and problems for future research. 

Problem 5.1. Determine v{k, \/k) for k > 3. 

We have A 2 (T(/c, 4, fc — y/k)) = y/k and M{k, A,k — y/k) = 2k‘^ + k^^"^ — k — y/k -|- 1, which 
yields 

v{k, y/k) < 2k‘^ -|- — k — y/k + 1. 

The Odd graph O 4 meets this bound (see Table [2]). We do not know what other graphs, if 
any, meet this bound. Odd graphs, in general, do not have T{k,t,c) as a quotient matrix. 

Problem 5.2. Determine v{k, y/2) for k >3. 

Recall that for k = 3 we have u(3, y/2) = 14 and the Heawood is the unique graph 
meeting this bound. For k > 3 we note that Lemma 14.41 with H = implies that a 
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graph G with A 2 (G) < \/2 and girth 3 satisfies 11^(6*)| < 3(fc — 1) j, and Lemma 

14.41 with H = iLi 3 implies that snch a graph with girth more than 3 satisfies |ld(G')| < 
4 + 2{2k — 3) (note that in both cases we have p{H) > X 2 {G)). Combining this 

with Lemma 14 II allows one to restrict the search to graphs with certain girth. For k > 7, 
ni{k,g) is larger than these bonnds unless the girth is at most 4, and for A; = 4, 5, or 6 
ni{k,g) is larger than these bounds unless the girth is at most 5. Thus the graphs sought in 
Problem 15.21 must have girth at most 5 for fc = 4, 5, 6 and girth at most 4 for k >7. 

Problem 5.3. Among regular graphs, what is the smallest second eigenvalue larger than 1? 

Yu [IH] found a 3-regular graph G on 16 vertices (see Figure ED with smallest eigenvalue 



Figure 5: The unique 3-regular graph with largest least eigenvalue less than —2. 

Amin = 7 ~ —2.0391, where 7 is the smallest root of f{x) = — 3x^ — 7x^ + 21x^ + 13x^ — 

35a; — 4, and moreover proved that there is no connected, 3-regular graph with smallest 
eigenvalue in the interval (7, — 2 ) (that is, among all connected, 3-regular graphs G has the 
largest least eigenvalue less than — 2 ). Since the second eigenvalue of the complement of a 
regular graph is A 2 = —1 — Amin, fhe complement G of G, a 12 -regular graph on 16 vertices, 
has second eigenvalue A 2 (G) = —1 — 7 1.0391. We do not know if G has smallest second 

eigenvalue larger than 1 among regular graphs, but it is not unique. Indeed, the complement 
of the disjoint union G -|- kK^ of G and k copies of 7^4 is a connected, (12 -|- 4A;)-regular 
graph on 16 -|- Ak vertices with second eigenvalue A 2 (G -|- kK^) = —1 — 7, so we have found 
an infinite family of regular graphs with second eigenvalue —1 — 7. 

Problem 5.4. For any integer k > 2, let X{k) := (—1 -|- \/Ak — 3)/2. Then we find that 
v{k,X{k)) < k"^ + 1 with equality if and only if the associated graph is a Moore graph of 
diameter 2. Moore graphs of diameter 2 only exists for k = 2,3, 7, and possibly 57. If k is 
not 2,3,7,57, then v{k,X{k)) < k"^. Determine the exact value of v{k,X{k)) in these cases. 

An (n, k, A)-graph is a /c-regular graph with n vertices such that |Ai| < A for i >2. This 
notion was introduced by Alon (see mm) motivated by the study of pseudo-random graphs 
and expanders among other things. The following question seems natural and interesting. 

Problem 5.5. Given k > 3 and 1 < A < 2^/k — 1, what is the maximum order n of an 
{n, k, X)-graph ? 
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